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KOLLA´R-TYPE EFFECTIVE FREENESS FOR QUASI-LOG
CANONICAL PAIRS
OSAMU FUJINO
Abstract. We prove Kolla´r-type effective basepoint-free theorems for quasi-log canoni-
cal pairs.
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1. Introduction
In [Kol1], Ja´nos Kolla´r established an effective basepoint-free theorem for kawamata log
terminal pairs inspired by Demailly’s paper [Dem]. Of course, Demailly’s arguments in
[Dem] are analytic. In [Kol1], Kolla´r wrote:
The algebraic method works for X singular and also for certain non am-
ple line bundles. I formulated the most general case; readers interested in
smooth varieties should just always set ∆ = 0.
The author generalized Kolla´r’s effective basepoint-free theorem for log canonical pairs
in [Fuj1]. We note that the category of log canonical pairs is much wider than that of
kawamata log terminal pairs and is the largest class for which the minimal model program
can work (see [Fuj4]). Although the arguments in [Fuj1] are algebraic and essentially the
same as Kolla´r’s in [Kol1], the vanishing theorems used in [Fuj1] are much sharper than the
Kawamata–Viehweg vanishing theorem, which is the main ingredient of [Kol1]. Since our
vanishing theorems (see [Fuj8], [Fuj10], and [Fuj6, Chapter 5]) are sufficiently powerful, we
can apply Kolla´r’s method in [Kol1] to quasi-log canonical pairs. We note that the notion
of quasi-log canonical pairs was introduced by Florin Ambro in [Amb]. We also note that
any (quasi-projective semi-)log canonical pair can be seen as a quasi-log canonical pair (see
[Fuj5], 1.6 and Theorem 1.7).
The main result of this paper is the following effective freeness and very ampleness for
quasi-log canonical pairs.
Theorem 1.1 (Effective freeness and very ampleness I). Let [X,ω] be a quasi-log canonical
pair and let pi : X → Y be a projective morphism between schemes. Let D be a pi-nef Cartier
divisor on X such that aD − ω is pi-ample for some a ≥ 0. Then there exists a positive
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integer m = m(dimX, a), which only depends on dimX and a, such that OX(mD) is
pi-generated. We further assume that D is pi-ample. Then there exists a positive integer
m′ = m′(dimX, a) depending only on dimX and a such that OX(m
′D) is pi-very ample.
In Theorem 1.1, it is sufficient to assume that aD − ω is nef and log big over Y with
respect to [X,ω] when ω is a Q-Cartier divisor (or a Q-line bundle). Precisely speaking,
we have:
Theorem 1.2 (Effective freeness and very ampleness II). Let [X,ω] be a quasi-log canonical
pair and let pi : X → Y be a projective morphism between schemes. Let D be a pi-nef Cartier
divisor on X such that aD − ω is nef and log big over Y with respect to [X,ω] for some
a ≥ 0. We further assume that ω is a Q-Cartier divisor (or a Q-line bundle) on X. Then
there exists a positive integer m = m(dimX, a), which only depends on dimX and a, such
that OX(mD) is pi-generated. We further assume that D is pi-ample. Then there exists a
positive integer m′ = m′(dimX, a) depending only on dimX and a such that OX(m
′D) is
pi-very ample.
For the constants m(dimX, a) and m′(dimX, a) in Theorem 1.1 and Theorem 1.2, we
have:
Remark 1.3. We can take
m(dimX, a) = 2dimX+1(dimX + 1)!(⌈a⌉ + dimX)
and
m′(dimX, a) = 2dimX+1(dimX + 1)!(⌈a⌉+ dimX)(dimX + 1)
in Theorem 1.1 and Theorem 1.2. The above constants are far from the optimal constants.
As a corollary of the above theorems, we have:
Corollary 1.4 (Effective freeness and very ampleness for semi-log canonical pairs). Let
(X,∆) be a semi-log canonical pair and let pi : X → Y be a projective morphism between
schemes. Let D be a pi-nef Cartier divisor on X and let a be a nonnegative real number.
We assume one of the following conditions:
(1) aD − (KX +∆) is ample over Y , or
(2) aD−(KX+∆) is nef and log big over Y with respect to (X,∆) and ∆ is a Q-divisor.
Then there exists a positive integer m = m(dimX, a), which only depends on dimX and
a, such that OX(mD) is pi-generated. We further assume that D is pi-ample. Then there
exists a positive integer m′ = m′(dimX, a) depending only on dimX and a such that
OX(m
′D) is pi-very ample.
Corollary 1.4 is a slight generalization of [Fuj5, Theorem 6.3].
Remark 1.5. If (X,∆) is kawamata log terminal in Corollary 1.4, then it is sufficient to
assume that pi is proper, aD − (KX +∆) is nef and big over Y , and ∆ is a Q-divisor (see
[Kol1]). For some comments, see Remark 3.7 below.
Let us quickly see some basic examples of quasi-log canonical pairs for the reader’s
convenience.
1.6 (Quasi-log canonical pairs). Let (X,∆) be a log canonical pair and let f : Y → X be
a resolution such that KY +∆Y = f
∗(KX +∆) and Supp∆Y is a simple normal crossing
divisor on Y . We put B = ∆<1Y and ∆Y = S + B. We consider the following short exact
sequence
0→ OY (−S + ⌈−B⌉)→ OY (⌈−B⌉) → OS(⌈−B⌉) → 0.
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By the Kawamata–Viehweg vanishing theorem, we have R1f∗OY (−S+⌈−B⌉) = 0. There-
fore, we obtain the short exact sequence
0→ J (X,∆)→ OX → f∗OS(⌈−B⌉) → 0,
where J (X,∆) = f∗OY (−S+⌈−B⌉) is the multiplier ideal sheaf of (X,∆). Let Nklt(X,∆)
denote the non-klt locus of (X,∆) with the reduced scheme structure. Then we have
f∗OS(⌈−B⌉) ≃ ONklt(X,∆). This data
f : (S,B|S)→ Nklt(X,∆)
is a typical example of quasi-log canonical pairs. We note that the data
f : (X,∆)→ X
is also a quasi-log canonical pair since the natural map OX → f∗OY (⌈−B⌉) is an isomor-
phism. Moreover, we have:
Theorem 1.7 ([Fuj5, Theorem 1.2]). Let (X,∆) be a quasi-projective semi-log canonical
pair. Then [X,KX +∆] is naturally a quasi-log canonical pair.
Therefore, we can treat log canonical pairs, non-klt loci of log canonical pairs, and
(quasi-projective) semi-log canonical pairs, and so on, in the same framework of quasi-log
canonical pairs. For the precise statement and various applications of Theorem 1.7, see
[Fuj5].
The following observation shows one of the advantages of using the framework of quasi-
log canonical pairs.
1.8. Let X ′ be any irreducible component of X in Theorem 1.1 or Theorem 1.2. Then,
by the vanishing theorem for quasi-log canonical pairs (see, for example, [Fuj7, Theorem
3.8] and [Fuj6, Chapter 6]), R1pi∗(OX(kD) ⊗ IX′) = 0 for every k ≥ a, where IX′ is the
defining ideal sheaf of X ′. Therefore, the natural restriction map
pi∗OX(kD)→ pi∗OX′(kD)
is surjective for every k ≥ a. Moreover, by adjunction (see, for example, [Fuj7, Theorem
3.8] and [Fuj6, Chapter 6]), [X ′, ω|X′] is quasi-log canonical. Thus, we may assume that
X is irreducible when we prove that OX(mD) is pi-generated for some m ≥ a in Theorem
1.1 and Theorem 1.2. It is obvious that we may also assume that Y is affine for the proof
of Theorem 1.1 and Theorem 1.2.
Finally, we make some comments on the Angehrn–Siu-type effective freeness and point
separation.
1.9. The Angehrn–Siu-type effective freeness and point separation for smooth projective
varieties was first obtained in [AS]. Then it was generalized for kawamata log terminal
pairs in [Kol2] and for log canonical pairs in [Fuj2]. Recently, Haidong Liu established the
Angehrn–Siu-type effective freeness and point separation for quasi-log canonical pairs in
[Liu].
This paper is organized as follows. In Section 2, we prepare some useful lemmas for the
proof of Theorem 1.1 and Theorem 1.2. In Section 3, which is the main part of this paper,
we translate Kolla´r’s method in [Kol1] into the framework of quasi-log canonical pairs. In
Section 4, we prove an easy lemma on effective very ampleness. Section 5 is devoted to
the proof of Theorem 1.1, Theorem 1.2, and Corollary 1.4.
Acknowledgments. The author was partially supported by JSPS KAKENHI Grant
Numbers JP24684002, JP16H06337, JP16H03925.
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We will work over C, the complex number field, throughout this paper. For the details
of the theory of quasi-log schemes, see [Fuj6, Chapter 6]. For a gentle introduction to
the theory of quasi-log canonical pairs, we recommend the reader to see [Fuj3]. For the
standard notations and conventions of the minimal model program, see [Fuj4]. In this
paper, a scheme means a separated scheme of finite type over C and a variety means a
reduced scheme.
2. Preliminaries
We will freely use the theory of quasi-log schemes (see [Fuj6, Chapter 6]). We note
that our formulation of quasi-log schemes is slightly different from Ambro’s original one in
[Amb] (for the details, see [Fuj6, Chapter 6] and [Fuj9]).
2.1. Let D =
∑
i aiDi be an R-divisor, where ai ∈ R and Di is a prime divisor for every i
such that Di 6= Dj for i 6= j. We put
(2.1) D<1 =
∑
ai<1
aiDi and ⌈D⌉ =
∑
i
⌈ai⌉Di,
where for every real number x, ⌈x⌉ is the integer defined by x ≤ ⌈x⌉ < x+1. We also put
⌊D⌋ = −⌈−D⌉ and {D} = D − ⌊D⌋.
Let D be a Cartier divisor on X and let pi : X → Y be a proper morphism. Then
Bspi |D| denotes the relative base locus (with the reduced scheme structure) with respect
to pi : X → Y .
2.2 (Quasi-log canonical pairs). Let M be a smooth variety, let Z be a simple normal
crossing divisor on M , and let B be an R-divisor on M such that B and Z have no
common irreducible components and that Supp(B+Z) is a simple normal crossing divisor
on M . Then (Z,B|Z) is called a globally embedded simple normal crossing pair.
Let X be a scheme and let ω be an R-Cartier divisor (or an R-line bundle) on X .
Let f : (Z,∆Z) → X be a proper morphism from a globally embedded simple normal
crossing pair (Z,∆Z). If the natural map OX → f∗OZ(⌈−(∆
<1
Z )⌉) is an isomorphism and
f ∗ω ∼R KZ +∆Z , then [X,ω] is called a quasi-log canonical pair (qlc pair, for short). We
note that f is not always birational and that X is not necessarily equidimensional. For
the details of quasi-log schemes, see [Fuj6, Chapter 6].
Remark 2.3. For the details of (globally embedded) simple normal crossing pairs, see,
for example, [Fuj6, Chapter 5]. For the definitions of quasi-log schemes, qlc strata, qlc
centers, non-qlc loci, nef and log big divisors, and so on, see, for example, [Fuj7, §3] and
[Fuj6, Chapter 6].
Let us prepare some lemmas for the proof of the main results in the subsequent sections.
Lemma 2.4 (see [Liu, Lemma 2.8]). Let [X,ω] be an irreducible qlc pair and let B be an
effective R-Cartier divisor on X such that SuppB contains no qlc centers of [X,ω]. Then
we can construct a natural quasi-log structure on [X,ω +B].
For the details of the quasi-log structure on [X,ω+B], see the construction in the proof
below.
Proof. We take a quasi-log resolution f : (Z,∆Z) → X , where (Z,∆Z) is a globally
embedded simple normal crossing pair. By taking some blow-ups, we may assume that
Supp f ∗B ∪ Supp∆Z is a simple normal crossing divisor on Z since SuppB contains no
qlc centers of [X,ω]. We put ΘZ = ∆Z + f
∗B. Then we have
(2.2) f∗OZ(⌈−(Θ
<1
Z )⌉ − ⌊Θ
>1
Z ⌋) ⊂ f∗OZ(⌈−(∆
<1
Z )⌉) ≃ OX .
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Therefore, by setting
(2.3) INqlc(X,ω+B) = f∗OZ(⌈−(Θ
<1
Z )⌉ − ⌊Θ
>1
Z ⌋),
we have a quasi-log structure on [X,ω + B]. By construction, this quasi-log structure
coincides with the original quasi-log structure of [X,ω] outside SuppB. 
The following lemma is essentially the same as [Fuj7, Lemma 3.16], which played a crucial
role in the proof of the rationality theorem for quasi-log schemes (see [Fuj6, Chapter 6]).
Lemma 2.5. Let [X,ω] be an irreducible qlc pair and let V be an irreducible closed sub-
variety of X such that codimXV = k > 0. Let D0, D1, · · · , Dk be effective Cartier divisors
on X such that V ⊂ SuppDi for every i. Assume that SuppDi contains no qlc centers of
[X,ω] for every i. Then [X,ω + 1
l
D0 +
∑k
i=1Di] is not qlc at the generic point of V for
every l > 0.
In Lemma 2.5, we know that [X,ω + 1
l
D0 +
∑k
i=1Di] has a quasi-log structure, which
coincides with the original quasi-log structure of [X,ω] outside
∑k
i=0 SuppDi, by Lemma
2.4 since SuppDi contains no qlc centers of [X,ω] for every i.
Proof. We will get a contradiction by assuming that [X,ω + 1
l
D0 +
∑k
i=1Di] is qlc at the
generic point of V . By shrinking X , we may assume that X is quasi-projective and that
[X,ω+ 1
l
D0+
∑k
i=1Di] is qlc everywhere. By taking general hyperplane cuts by adjunction
(see, for example, [Fuj7, Theorem 3.8] and [Fuj6, Chapter 6]), we may assume that dim V =
0. By shrinking X again, we may further assume that V is a closed point of X . Let
f : (Z,∆Z) → X be a quasi-log resolution of [X,ω] such that Supp∆Z ∪
∑k
i=0 Supp f
∗Di
is a simple normal crossing divisor on Z (see the proof of Lemma 2.4). Let X ′ be an
irreducible component of SuppD1 passing through V .
Claim. There exists a stratum of (Z,∆Z + f
∗D1) which is mapped onto X
′.
Proof of Claim. Since [X,ω + D1] is qlc, the coefficients of ∆Z + f
∗D1 are ≤ 1. Assume
that no strata of (Z,∆Z + f
∗D1) are mapped onto X
′. Then we can easily check that
f ∗D1 ≤ ⌈−(∆
<1
Z )⌉ over the generic point of X
′. Thus we have
(2.4) f∗OZ(⌈−(∆
<1
Z )⌉) ⊇ OX(D1) ) OX
at the generic point of X ′. On the other hand, f∗OZ(⌈−(∆
<1
Z )⌉) ≃ OX always holds
because [X,ω] is qlc. Therefore, we get a contradiction. This means that there exists a
stratum of (Z,∆Z + f
∗D1) which is mapped onto X
′. 
Thus, SuppDi does not contain X
′ for i 6= 1 and X ′ is a qlc center of[
X,ω +
1
l
D0 +
k∑
i=1
Di
]
=
[
X,ω +D1 +
1
l
D0 +
k∑
i=2
Di
]
.
By adjunction, [X ′, (ω+D1)|X′ +
1
l
D0|X′ +
∑k
i=2Dk|X′] is qlc. By repeating this argument
(k − 1)-times, we can reduce the problem to the case when k = 1, that is, dimX = 1.
In this case, we can easily get a contradiction. This is because there exists a stratum of
[Z,∆Z + f
∗D1] which maps to V as above. Therefore, [X,ω +
1
l
D0 +
∑k
i=1Di] is not qlc
at the generic point of V for every l > 0. 
3. Kolla´r’s method for quasi-log canonical pairs
This section is a direct generalization of [Fuj1, Section 2] for quasi-log canonical pairs.
We will translate Kolla´r’s method in [Kol1] into the framework of quasi-log canonical pairs.
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3.1. Let [X,ω] be a qlc pair and let pi : X → Y be a projective morphism onto an affine
scheme Y . We assume that X is irreducible and that ω is a Q-Cartier divisor (or a Q-line
bundle) on X . Let p : X → Z be a proper surjective morphism onto a variety Z over Y
with p∗OX ≃ OZ . We have the following commutative diagram.
(3.1) X
p
//
pi

Z
q
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
Y
Let M be a pi-semiample Q-Cartier divisor on X and let N be a Cartier divisor on X .
Assume that
(3.2) N ∼R ω +B +M,
where B is an effective Q-Cartier divisor on X such that SuppB contains no qlc centers
of [X,ω] and that B = p∗BZ , where BZ is an effective q-ample Q-divisor on Z. We can
construct a natural quasi-log structure on [X,ω + B] by Lemma 2.4. Let X \ Σ be the
largest Zariski open subset such that [X,ω + B] is qlc. Assume that Σ 6= ∅. Let V be an
irreducible component of Σ such that dim p(V ) is maximal. We note that VZ = p(V ) is
not equal to Z since B = p∗BZ . Let f : (W,BW )→ X be a quasi-log resolution of [X,ω].
We can write
(3.3) KW +BW ∼R f
∗ω.
We have the following commutative diagram.
(3.4) W
f

g
  ❆
❆❆
❆❆
❆❆
❆
X
p
//
pi

Z
q
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
Y
Without loss of generality, we may assume that
(3.5) (W, SuppBW ∪ Supp f
∗B)
is a globally embedded simple normal crossing pair. We may further assume that Supp g−1(VZ)
is a simple normal crossing divisor on W and that
(3.6)
(
W, SuppBW ∪ Supp f
∗B ∪ Supp g−1(VZ)
)
is a globally embedded simple normal crossing pair. Let c be the largest real number such
that [X,ω + cB] is qlc over the generic point of VZ = p(V ). We note that
(3.7) KW +BW + cf
∗B ∼R f
∗(ω + cB).
By the assumptions, we know that 0 < c < 1. We can write
(3.8) f ∗N ∼R KW +BW + cf
∗B + (1− c)f ∗B + f ∗M.
We put
(3.9) ⌊BW + cf
∗B⌋ = F +G1 +G2 −H,
where F,G1, G2, and H are effective and have no common irreducible components such
that
(i) the g-image of every irreducible component of F is VZ = p(V ),
(ii) the g-image of every irreducible component of G1 does not contain VZ ,
(iii) the g-image of every irreducible component of G2 contains VZ but does not coincide
with VZ , and
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(iv) f∗OW (H) ≃ OX since f∗OW (⌈−(B
<1
W )⌉) ≃ OX and 0 ≤ H ≤ ⌈−(B
<1
W )⌉.
By taking some more blow-ups, if necessary, we may assume that F,G1, G2, and H are
Cartier. Note that G2 = ⌊G2⌋ is a reduced simple normal crossing divisor on W and that
no stratum C of (W,G2) satisfies g(C) ⊂ VZ since Supp g
−1(VZ) is a simple normal crossing
divisor onW . We also note that F is reduced by construction. We put N ′ = f ∗N+H−G1.
Let us consider the following short exact sequence:
(3.10) 0→ OW (N
′ − F )→ OW (N
′)→ OF (N
′)→ 0.
We note that
(3.11) N ′ − F ∼R KW + f
∗M + (1− c)f ∗B + {BW + cf
∗B}+G2.
Therefore, the connecting homomorphism
(3.12) g∗OF (N
′)→ R1g∗OW (N
′ − F )
is a zero map (see, for example, [Fuj7, Theorem 3.8] and [Fuj6, Chapter 6]). Thus we
obtain that
(3.13) 0→ g∗OW (N
′ − F )→ g∗OW (N
′)→ g∗OF (N
′)→ 0
is exact. By the vanishing theorem (see, for example, [Fuj7, Theorem 3.8] and [Fuj6,
Chapter 6]), we have
(3.14) H i(Z, g∗OW (N
′ − F )) = H i(Z, g∗OW (N
′)) = 0
for every i > 0. Therefore,
(3.15) H0(Z, g∗OW (N
′))→ H0(Z, g∗OF (N
′))
is surjective and H i(Z, g∗OF (N
′)) = 0 for every i > 0. Thus we obtain
(3.16) dimH0(Fη,OFη(N
′)) = χ((VZ)η, g∗OF (N
′)|(VZ )η)
where η is the generic point of pi ◦ f(F ) = q ◦ p(V ) = q(VZ).
3.2. In our application, M will be a variable divisor of the form
(3.17) Mj =M0 + jL
0,
where M0 is a pi-semiample Q-divisor and L
0 = p∗L0Z with a q-ample Cartier divisor L
0
Z
on Z. Then we obtain that
dimH0(Fη,OFη(N
′
0 + jf
∗L0))
= χ((VZ)η, (g∗OF (N
′
0)⊗OZ(jL
0
Z))|(VZ )η)
(3.18)
is a polynomial in j for j ≥ 0, where
(3.19) N ′0 = f
∗N0 +H −G1
and
(3.20) N0 ∼R ω +B +M0.
3.3. We assume that we establish dimH0(Fη,OFη(N
′)) 6= 0. Then, by the above surjectiv-
ity (3.15), we can lift sections to H0(Z, g∗OW (N
′)) ≃ H0(W,OW (f
∗N +H −G1)). Since
F 6⊂ SuppG1, we get a section s ∈ H
0(W,OW (f
∗N + H)) which is not identically zero
along F . We know that
(3.21) H0(W,OW (f
∗N +H)) ≃ H0(X,OX(N))
since f∗OW (H) ≃ OX . Therefore, s descends to a section of OX(N) which does not vanish
along f(F ).
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Lemma 3.4. Let [X,ω] be a qlc pair such that ω is a Q-Cartier divisor (or a Q-line
bundle) on X and that X is irreducible. Let : p : X → Z be a proper surjective morphism
onto a variety Z over an affine scheme Y with p∗OX ≃ OZ .
(3.22) X
p
//
pi

Z
q
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
Y
Let L0Z be a q-ample Cartier divisor on Z and let LZ ∼ mL
0
Z for some m > 0. We put
L0 = p∗L0Z and L = p
∗LZ . Assume that aL
0 − ω is nef and log big over Y with respect to
[X,ω] for some nonnegative real number a. Assume that q∗OZ(LZ) 6= 0 and that Bspi |L|
contains no qlc centers of [X,ω], and let VZ ⊂ Bsq |LZ| be an irreducible component with
minimal k = codimZVZ . Then, with at most dim VZ exceptions, VZ is not contained in
Bsq |kLZ + (j + ⌈2a⌉ + 1)L
0
Z| for j ≥ 0.
Proof. Let V be an irreducible component of p−1(VZ) such that codimXV ≤ k and p(V ) =
VZ . Let Bi be a general member of |L| for every 0 ≤ i ≤ k. We put
(3.23) B =
1
2m
B0 +B1 + · · ·+Bk.
Then B ∼Q
1
2
L0 + kL, [X,ω + B] is qlc outside Bspi |L| and [X,ω + B] is not qlc at the
generic point of V by Lemma 2.5. We will apply the method in 3.1, 3.2, and 3.3 with
(3.24) Nj = kL+ (j + ⌈2a⌉ + 1)L
0
(3.25) M0 = ⌈2a⌉L
0 − ω +
1
2
L0,
and
(3.26) Mj =M0 + jL
0.
We note that Mj is pi-semiample for every j ≥ 0 by the basepoint-free theorem of Reid–
Fukuda type for qlc pairs (see [Fuj6, Chapter 6] and [Fuj7]) since Mj is pi-nef and Mj − ω
is nef and log big over Y with respect to [X,ω]. The crucial point is to show that
(3.27) dimH0(Fη,OFη(N
′
j)) = χ((VZ)η, g∗OF (N
′
j)|(VZ )η)
is not identically zero, where
(3.28) N ′j = f
∗Nj +H −G1
for every j. Let C ⊂ F be a general fiber of F → g(F ) = VZ . Then
(3.29) N ′0 = (g
∗(kLZ + (⌈2a⌉ + 1)L
0
Z) +H −G1)|C = H|C .
Hence g∗OF (N
′
0) is not the zero sheaf, and
(3.30) H0(F,OF (N
′
j)) = H
0(Z, g∗OF (N
′
0)⊗OZ(jL
0
Z)) 6= 0
for j ≫ 1. Therefore, dimH0(Fη,OFη(N
′
j)) is a nonzero polynomial of degree at most
dimVZ in j for j ≥ 0. Thus it can vanish for at most dimVZ different values of j. This
implies that
f(F ) 6⊂ Bspi |kL+ (j + ⌈2a⌉ + 1)L
0|
= p−1 Bsq |kLZ + (j + ⌈2a⌉ + 1)L
0
Z|
(3.31)
with at most dimVZ exceptions. Therefore,
(3.32) VZ = g(F ) 6⊂ Bsq |kLZ + (j + ⌈2a⌉ + 1)L
0
Z|
with at most dimVZ exceptions. This is what we wanted. 
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Corollary 3.5. We use the same notation as in Lemma 3.4. We further assume that
m ≥ 2a+ dimZ. We put k = codimZ Bsq |LZ |. Then we have
(3.33) dimBsq |(2k + 2)LZ| < dimBsq |LZ|.
Proof. It is obvious that Bsq |(2k + 2)LZ | ⊂ Bsq |LZ |. Let VZ be a maximal dimensional
irreducible component of Bsq |LZ|. Then there is a value 0 ≤ j < dimZ such that VZ is
not in the base loci of
(3.34) |kLZ + (j + ⌈2a⌉ + 1)L
0
Z | and |kLZ + (2m− j − ⌈2a⌉ − 1)L
0
Z|
by Lemma 3.4. Therefore, we see that VZ is not in the base locus of
|kLZ + (j + ⌈2a⌉ + 1)L
0
Z + kLZ + (2m− j − ⌈2a⌉ − 1)L
0
Z |
= |2kLZ + 2mL
0
Z | = |(2k + 2)LZ|.
(3.35)
Thus, we obtain Bsq |(2k + 2)LZ | ( Bsq |LZ |. 
Lemma 3.6. Let pi : X → Y be a projective morphism from an irreducible qlc pair [X,ω]
to an affine scheme Y . Let D be a pi-nef Cartier divisor on X such that aD − ω is nef
and log big over Y with respect to [X,ω]. Then we can find an effective Cartier divisor
D′ ∈ |2(⌈a⌉ + dimX)D| such that SuppD′ contains no qlc centers of [X,ω].
Proof. Let S be an arbitrary qlc stratum of [X,ω]. Let us consider the following short
exact sequence:
(3.36) 0→ IS ⊗OX(jD)→ OX(jD)→ OS(jD)→ 0
where IS is the defining ideal sheaf of S. By the vanishing theorem for qlc pairs (see, for
example, [Fuj7, Theorem 3.8] and [Fuj6, Chapter 6]),
(3.37) Ripi∗(IS ⊗OX(jD)) = R
ipi∗OX(jD) = R
ipi∗OS(jD) = 0
for every i ≥ 1 and j ≥ a. Let η be the generic point of pi(S). Then we have that
(3.38) dimH0(Sη,OSη(jD)) = χ(Sη,OSη(jD))
holds for j ≥ a. We note that χ(Sη,OSη(jD)) is a nonzero polynomial in j because |mD|
is basepoint-free for m≫ 0. We note that the natural restriction map
(3.39) pi∗OX(jD)→ pi∗OS(jD)
is surjective for every j ≥ a by (3.37). Therefore, with at most dimSη exceptions, S 6⊂
Bspi |(⌈a⌉ + j)D| for j ≥ 0. Thus, we can take an effective Cartier divisor D
′ ∈ |2(⌈a⌉ +
dimX)D| such that D′ contains no qlc centers of [X,ω] by the same argument as in the
proof of Corollary 3.5. 
Remark 3.7. In this section, we need the projectivity of pi : X → Y only when we
use the basepoint-free theorem of Reid–Fukuda type for qlc pairs (see [Fuj6, Chapter 6]
and [Fuj7]). Therefore, if we apply the method explained in this section to kawamata log
terminal pairs, then it is sufficient to assume that pi : X → Y is only proper by the usual
Kawamata–Shokurov basepoint-free theorem.
4. Effective very ampleness lemma
The following easy lemma is a quasi-log canonical version of [Fuj11, Lemma 7.1].
Lemma 4.1 (Effective very ampleness lemma). Let [X,ω] be a quasi-log canonical pair
and let pi : X → Y be a projective morphism between schemes. Let A be a pi-ample Cartier
divisor on X such that OX(A) is pi-generated. Assume that A− ω is nef and log big over
Y with respect to [X,ω]. Then (dimX + 1)A is very ample over Y .
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Proof. By the vanishing theorem for qlc pairs (see, for example, [Fuj7, Theorem 3.8] and
[Fuj6, Chapter 6]), we have
(4.1) Ripi∗OX((n+ 1− i)A) = 0
for every i > 0, where n = dimX . Then, by the Castelnuovo–Mumford regularity, we
obtain that
(4.2) pi∗OX(A)⊗ pi∗OX(mA)→ pi∗OX((m+ 1)A)
is surjective for every m ≥ n + 1 (see, for example, [Kle] and [Laz, Example 1.8.24]).
Therefore, we see that
(4.3) Symkpi∗OX((n + 1)A)→ pi∗OX(k(n+ 1)A)
is surjective for every k ≥ 1. This implies that (n + 1)A is pi-very ample. 
We note that [Kol1, 1.2 Lemma] does not seem to be true as stated. Therefore, we will
use Lemma 4.1 in the proof of Theorem 1.1 and Theorem 1.2 in Section 5.
5. Proof of Main Theorems
In this final section, we prove Theorem 1.1 and Theorem 1.2.
Proof of Theorems 1.1 and 1.2. In Step 1, we will prove the effective basepoint-free theo-
rems in Theorem 1.1 and Theorem 1.2. Then we will check the effective very ampleness in
Step 2.
Step 1 (Effective freeness). By shrinking Y , we may assume that Y is affine. By perturbing
ω when aD − ω is pi-ample, we may further assume that ω is a Q-Cartier divisor (or a
Q-line bundle) on X . By the observation in 1.8, we may assume that X is irreducible.
By Lemma 3.6, we can find an effective Cartier divisor D′ ∈ |2(⌈a⌉+ dimX)D| such that
SuppD′ contains no qlc centers of [X,ω]. By the basepoint-free theorem for qlc pairs (see,
for example, [Fuj6, Chapter 6]), we have the following commutative diagram:
(5.1) X
p
//
pi

Z
q
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
Y
such that p∗OX ≃ OZ and that D ∼ p
∗DZ for some q-ample Cartier divisor DZ on Z.
By applying Lemma 3.4 repeatedly in order to lower the dimension of dimBsq |mDZ|, we
finally obtain that
(5.2) |2dimX+1(dimX + 1)!(⌈a⌉ + dimX)D|
is basepoint-free.
Step 2 (Effective very ampleness). By combining the effective basepoint-free theorem in
Step 1 with Lemma 4.1, we obtain that
(5.3) 2dimX+1(dimX + 1)!(⌈a⌉ + dimX)(dimX + 1)D
is pi-very ample.
We have completed the proof of Theorem 1.1 and Theorem 1.2. 
We close this section with the proof of Corollary 1.4.
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Proof of Corollary 1.4. Without loss of generality, we may assume that Y is affine. Then
X is quasi-projective since pi is projective. By [Fuj5, Theorem 1.2] (see Theorem 1.7),
[X,KX+∆] has a natural quasi-log structure compatible with the original semi-log canon-
ical structure of (X,∆). For the details, see [Fuj5]. Then, by applying Theorem 1.1 and
Theorem 1.2 to [X,KX +∆], we obtain the desired statements. 
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